We give an exact solution of the 5D Einstein equations which in 4D can be interpreted as a spherically symmetric distribution of matter, whose effective density and pressure are nonstatic, nonuniform, and satisfy the equation of state of radiation. The solution admits a homothetic Killing vector in 5D, which induces the existence of self-similar symmetry in 4D, where the line element as well as the dimensionless matter quantities are invariant under a simple "scaling" group.
Introduction
Solutions of the five-dimensional gravitational field equations in apparent vacuum can always be interpreted as solutions of the four-dimensional field equations with matter, as a consequence of Campbell's theorem [1] - [5] . In fact, many exact solutions of the 5D field equations are known whose 4D interpretation are applicable to astrophysics and cosmology (for a catalog and a recent discussion of the signature of the extra dimension see Refs. [6] and [7] , respectively).
In the present paper, building on previous work [6] , [8] , [9] , we give a solution of the 5D equations which in 4D represents an expanding spherical distribution of matter whose effective equation of state is that of radiation.
This solution, which may be verified by computer [10] , has interesting mathematical properties: (i) it is nonstatic and spatially nonuniform, (ii) it is curved in 5D, (iii) it admits a homothetic Killing vector in 5D, and (iv) it exists for spacelike as well as for timelike extra dimension.
For both signatures, the solution can be interpreted in 4D as a model for a ball of ultra-relativistic or photon-like matter expanding with self-similar symmetry in the early universe, where the latter is described by space-time-matter (STM) [6] or membrane theory [11] , [12] .
A solution for an expanding ball of radiation
For an early universe, we are interested in solutions that describe expanding fluids with an equation of state which is radiation-like. These should be spherically symmetric in ordinary 3D space. Therefore, we choose the line element as
where y is the coordinate along the extra dimension and t, r, θ and φ are the usual coordinates for a spacetime with spherically symmetric spatial sections. The factor ǫ in front of Φ 2 can be either −1 or +1 depending on whether the extra dimension is spacelike or timelike, respectively. In what follows we choose units such that the speed of light and the gravitational constant are c = 1 and 8πG = 1. In (1) the metric coefficients ν, λ, R and Φ are, in principle, functions of the extra coordinate. However, we assume from the beginning that ν(r, t), λ(r, t), R(r, t) and Φ(r, t) are not functions of y. In this way we assure the radiation-like nature of the effective matter in 4D
The metric in 5D is a solution of the field equations [6] , which in terms of the Ricci tensor read R AB = 0 (A, B = 0, 1, 2, 3, 4). Here, for brevity we omit the details of the derivation and state the solution
which may be verified by computer. Here r 0 and α are constants, of which the former is fiducial in nature, whereas the latter is related to the time evolution of the extra dimension. Indeed, from (2) it follows that
Since the positivity of g 00 requires α 2 < 3, it follows that either − √ 3 < α < 0 or 0 < α < √ 3. In both cases (α + 3) is positive. Therefore, for a negative (positive) α the size of the extra dimension decreases (increases) monotonically with time.
For the four-dimensional interpretation of the solution we identify our spacetime with a hypersurface, located at some fixed y, orthogonal to the extra dimension. This is the common assumption in STM and brane theory. Despite the differences between them, the effective matter content is the same in both approaches [12] . The appropriate formulae for the calculation of the energy-momentum-tensor T µν for the metric (1) can be found in Ref. [13] . Using (2) we get
We emphasize that Campbell's theorem guarantees the validity of Einstein's equations G µν = T µν . For the physical interpretation of the spherical distribution of matter (4) we notice that: (i) for α 2 = 1 the principal stresses are unequal, (ii) there is a radial flux of energy T 01 = 0, (iii) it satisfies the energy conditions
and (iv) the trace of the energy-momentum-tensor vanishes, viz.,
This is the usual relation for ultra-relativistic particles or photons, and in terms of the average pressurep = −(T 1 1 + T 2 2 + T 3 3 )/3 and density ρ = T 0 0 is commonly written as ρ = 3p.
Model for the matter
In order to ascribe a precise meaning to the components (4) it is necessary to adopt a model for the matter. The general form of the energy-momentum tensor for anisotropic matter with energy flux can be covariantly given as
where u µ is the four-velocity, χ µ is a unit spacelike vector orthogonal to u µ , ρ is the energy density, p is the pressure in the direction of χ µ , and p ⊥ is the pressure in the two-space orthogonal to χ µ . The energy flux is described by the 4-vector q µ and obeys q µ u µ = 0. We now proceed to discuss the matter quantities entering (7) in the comoving and non-comoving frames.
Comoving frame
For a spherical distribution of matter, in a comoving frame we have
Consequently, for the metric (2) the matter quantities are as follows
and
We see that for α 2 = 1, the radial and tangential stresses are identical to each other p = p ⊥ , i.e., it is a perfect fluid with an equation of state ρ = 3p. For any other α 2 = 1 in the range α 2 < 3 the density and principal pressures are positive, ρ = p + 2p ⊥ , and the heat flow is real. Since the expansion θ = u µ ;µ is positive, viz.,
it follows that the matter is in continuous expansion.
Non-comoving frame
Thus, in the comoving frame the difference |α 2 − 1| can be used to measure the "degree" of anisotropy of the fluid. We now proceed to show that for any value of α, in the allowed range, one can always "jump" to a moving frame where the fluid shows isotropic pressure. For a spherical distribution of matter, in a radially moving frame the four-velocity and energy flux can be written as
where q is a function of t and r and ω is a parameter that measures the radial velocity v, viz.,
The introduction of the hyperbolic functions assures the fulfillment of the conditions u µ u µ = 1 and u µ q µ = 0. For perfect fluid (p = p ⊥ ), the energy-momentum tensor (7) with components (4) in the frame (12) yields
where q 0 , as well as ω introduced above, depends on α in (2) . The explicit expressions for T 0 0 , T 1 1 and T 0 1 from (7) are
respectively. Combining the first two equations and simplifying the hyperbolic expressions we obtain a system of two algebraic equations for ω and q 0 . Namely,
These can be used to find cosh 2ω and sinh 2ω in terms of α and q 0 . Then from the condition cosh 2 2ω − sinh 2 2ω = 1 we get q 0 in terms of α. The solution is 3
The radial velocity is given by
Thus, v = 0 for α = ±1 and v → 1 as α approaches its upper and lower limits ± √ 3. It should be noted that the matter quantities are not affected by the signature of the extra dimension or the sign of α. The latter affects the evolution of the extra dimension (3).
Properties of the solution
The solution under consideration has a number of interesting mathematical properties.
Firstly, the line element (2) admits a homothetic Killing vector η A in 5D. Namely 4 ,
where
Consequently, the spacetime part of (2) inherits the so-called self-similar symmetry, where all dimensionless quantities in the solution can be put as functions of a single independent variable [14] - [19] . Specifically,
where ξ µ = 1 2 (t, r, 0, 0).
The self-similar nature of the spacetime metric becomes evident in the canonical coordinatest,r given by
where the constant B is introduced for dimensional considerations. Indeed, in these coordinates the 4D metric becomes
where the similarity variable ξ is
It should be noted that the five-dimensional solution (2) is not self-similar (in the sense mentioned above), only the 4D part is. Self-similar symmetry in general relativity generalizes the classical notion of similarity, which has successfully been applied in classical hydrodynamics to the description of shock waves created in explosions [20] , [21] . The physical relevance of self-similar solutions is that they are singled out from a complicated set of initial conditions [14] .
Secondly, the present solution differs from others in the literature in several ways:
1. Solution (2) exists for both signs of the extra part of the metric, whereas most solutions that have drawn attention only satisfy R AB = 0 for one sign or the other. For example, the standard 5D cosmology due to Ponce de Leon [22] only exists for signature (+, −, −, −, −), while the wave solution due to Billyard and Wesson [23] only exists for signature (+, −, −, −, +) 2. Many of the solutions in the literature are curved in 4D but Riemann-flat in 5D (see the catalog of Ref. [6] , pp. 95 and 109). However, metric (2) is not flat in 5D. Indeed, R ABCD has 12 nonzero components. For example
The signs of the spacetime components of the Riemann tensor are the same for both signatures in (2) , whereas the signs of the components associated with the extra dimension reverse depending on the sign choice in (2) . However, the 5D-Kretschmann scalar is unaffected by the signature, viz.,
It is singular on the hypersurface rt = 0, i.e., at the origin. This kind of singularity is common is self-similar solutions. Physically this is because such solutions are applicable far from the origin and boundaries, where the initial conditions are unimportant [14] , [20] , [21] .
Summary and conclusions
The line element (2) is an exact solution of the five-dimensional Einstein field equations in an empty 5D space. By Campbell's theorem it can be interpreted as a solution of the 4D field equations with energy-momentum (4). Since the metric (2) is independent of the extra coordinate, the trace of the energy-momentum tensor is zero and the matter distribution is radiation-like.
In the comoving frame the source can be modeled as an anisotropic fluid with heat flow in the radial direction. The parameter α in (4) governs the evolution of the extra dimension and serves as a measure of the anisotropy. Namely, for α = ±1 the fluid has isotropic pressure and the equation of state is that of radiation ρ = 3p, whereas for any other α the fluid has anisotropic pressures obeying ρ = p + 2p ⊥ .
An observer moving in the radial direction with velocity v given by (19) will interpret the matter distribution as an isotropic fluid satisfying ρ = 3p, with radial heat flow, for any value of α = ±1. We note that the introduction of energy flux is crucial here to account for T 01 = 0. This is different from other solutions in the literature where T 01 = 0 can be explained in terms of radial motion only.
The effective energy-momentum tensor satisfies the appropriate energy conditions but diverges at the hypersurfaces rt = 0. From a 5D viewpoint, the latter is associated with the singularity in the 5D geometry (28). But, from a 4D viewpoint it is related to the homothetic nature of the distribution, which is singled out from a complicated set of initial conditions. An important feature here is that the matter density and pressure are spatially nonuniform. This suggest that our solution can be applied to describe the evolution of a spherical inhomogeneity in an early universe.
We would like to finish with the following remarks. Firstly, that although the 4D-solution (25) was obtained in the context of STM in 5D, by virtue of Campbell's theorem it is also a solution of the 4D Einstein field equations with energy-momentum (4). Secondly, the same matter distribution is obtained if the metric (2) is interpreted in the context of brane theory in 5D [12] .
